The presence of gravity generalizes the notion of scale invariance to Weyl invariance, namely, invariance under local rescalings of the metric. In this work, we have computed the Weyl anomaly for various classically scale or Weyl invariant theories, making particular emphasis on the differences that arise when gravity is taken as a dynamical fluctuation instead of as a non-dynamical background field. We find that the value of the anomaly for the Weyl invariant coupling of scalar fields to gravity is sensitive to the dynamical character of the gravitational field, even when computed in constant curvature backgrounds. We also discuss to what extent those effects are potentially observable.
Introduction
It is a recurrent and quite natural idea in particle physics that at very short distances, corresponding to very high energies, masses must be unimportant and some sort of scale invariance should be restored. However, this intuitive notion is somewhat disreputed by the need of introducing an energy scale in order to regularize the theory. There are however, finite theories at the quantum level, where finiteness is achieved owing to cancellations between fermionic and bosonic degrees of freedom, owing to the presence of at least eight supersymmetric conserved charges. The physical situation is then somewhat moot, because in order to prove finiteness, it is still necessary to regularize first, and this introduce an external scale. It is not clear whether conformal invariance can survive this.
When applied to theories in curved spacetimes, this scale or conformal invariance is upgraded to the so called Weyl invariance, which amounts to the invariance of the theory under local rescalings of the metric tensor g µν pxq Ñ Ω 2 pxq g µν pxq.
(1)
In the presence of gravity, two natural questions arise. The first one is whether a nongravitational conformal invariant theory can always be coupled to gravity in a Weyl invariant way (see [1, 2, 3, 4] and references therein). This can be achieved by a minimal coupling to gravity in the case of gauge and fermionic fields. For scalar fields, the requirement of Weyl invariance necessitates a non minimal coupling to gravity. The second question is whether conformal and Weyl invariances are equivalent for gravity itself. In order for this comparison to be sensible, a linearized version of Weyl invariance must be taken. This situation has been analyzed in [4] , where the weak field expansion of theories linear and quadratic in the curvature were considered, concluding that Weyl invariance is more restrictive than conformal invariance at that order. In fact, any spin 2 free field theory is conformal invariant up to quadratic order in the fluctuations. Local Weyl invariant theories of gravity are quite restrictive. This can actually be understood from the fact that the only algebraic combination of the Riemann tensor and the metric tensor such that
is the Weyl tensor [5, 6] , named after his discoverer. In this context, quadratic theories seem to be particularly interesing, since the ones based upon this tensor are the only theories which are Weyl and diffeomorphism invariant at the same time. It is actually known that quadratic (in the Riemann tensor) lagrangians are perturbatively renormalizable [7] , and their main drawback, namely the lack of unitarity, seems to be improved in the first order approach (even though the final outcome is not clear yet, cf [8, 9] ). On the other hand, if the requiremente of diffeomorfism invariance is relaxed to invariance under the transverse subgroup (i.e. transverse diffeomorphism (TDiff) invariance), gravitational theories seem to have more room for Weyl invariance, with the posibility of constructing WTDiff invariant theories of gravity that are linear in the curvature [10] . It is also interesting to consider the case in which the Weyl symmetry is restricted to a global (rigid) symmetry, that is B µ Ω " 0.
The main point is that, whereas full Weyl invariance is enormously restrictive, its global counterpart is much less so. Nevertheless, it must be remarked that the global Weyl symmetry is enough to prevent the appearance of a cosmological constant term, as the volume operator
is not invariant. It is clear, however, that both this operator and its coefficient are divergent and need to be regularized in an appropriate manner. At this point, there is one more possibility, which is to gauge the rigid Weyl symmetry
where now B µ Ω " 0 in the usual way 1 . We denote W µ the corresponding such abelian gauge field, and assume that under a Weyl transformation
This procedure [11] leads to another possible way of constructing Weyl invariant theories as we shall analyze in this work. Given this background, we are interested in the consequences of the above symmetries at the quantum level, that is, the analysis of the corresponding Ward identities associated to these symmetries. Shortly after gauge anomalies (associated with inconsistencies of chiral fermionic theories in the presence of a background, non-dynamical gauge field) were first discovered, Gross and Jackiw [12] underwent the study of the effects of the presence of a dynamical gauge field. They found that theories that were suspected to be renormalizable owing to gauge invariance, lost this property precisely because this gauge invariance was broken by the anomaly. With this in mind, we would like to examine the effects of a dynamical gravitational field on theories that suffer from a conformal anomaly. The situation here is different, because gravitational theories are not renormalizable to begin with (cf. for example the review [13] ); but Ward identities still do depend on whether gravitation is dynamical or not, and we would like to examine precisely in what sense.
The particle nature of the gravitational interaction lies in the existence of a spin 2 particle mediating the interaction, first introduced by Fierz and Pauli in [14] . This picture is consistent with General Relativity when an interacting theory for the gravitons is constructed in a consistent way, but it is not the only option. On a different note, the entropic origin of the gravitational interaction, first introduced by Jacobson [15] and recently popularized by Padmanabhan and Verlinde [16, 17] , may give an alternative explanation which is compatible with Einstein's equation. Verlinde's emergent gravity [18] , moreover tries to account for the excess gravity as it leads to modifications of gravity at scales set by the Hubble scale. However, recent tests on galaxy clusters seem to favour general relativity together with cold dark matter assumptions over emergent gravity [19] .
The aim of this work is to study the fate of Weyl Ward's identities upon quantum corrections; that is, we determine whether they can be preserved upon quantum corrections, or else they develop anomalous terms [20, 21] . Besides, these anomalous terms depend on whether the gravitational field is dynamical or not; that is, at a technical level, on whether we are integrating over the metric tensor in the path integral. We shall examine both local and global Weyl invariant models and compare their respective anomalies. We emphasize that this is not a merely academic exercise, since this approach can give an alternative effect that is sensitive to the nature of the gravitational field. This could provide a handle on trying to confirm the existence of the graviton, which seems elusive from the point of view of the detection of some kind of gravitational Compton effect, even after the discovery of gravitational waves. We comment on various cases where this discrepancy between the particle and entropic pictures could be relevant.
The structure of this paper is as follows. Section 2 is devoted to a review of Weyl invariant theories. In section 3 we explore the quantum consequences of the conformal symmetry and the corresponding Ward identites are analyzed. Sections 4 and 5 explore the one loop corrections for different theories in the cases of non-dynamical gravity and dynamical gravity. Finally, we leave some conclusions for section 6.
Throughout this work we follow the Landau-Lifshitz spacelike conventions, in partic-
The Ricci tensor takes the form
and with these conventions, the commutator yields
Weyl invariant theories
As mentioned previously, we want to analyze the quantum fate of conformal invariance. Before doing that let us summarize some of the Weyl invariant theories that can be constructed, as conformal couplings of matter to gravity and with gravity itself. Before going into the particular theories, let us mention some generalities about Weyl invariance. The set of all Weyl transformations forms an invariant abelian subalgebra of the joint algebra of Diffeomorphisms and Weyl transformations. This means that it is an ideal in the algebraic sense. Acting on the spacetime metric with a diffeomorphism generated by the vector ξ " ξ λ B λ , the metric variation yields
On the other hand, the generators of Weyl transformations with scaling Ω " 1`ω are defined as δ ω g µν " H ω g µν " ωpxqg µν (11) Then, the full algebra reads
In case the manifold has Killing vectors (KV), that is diffeomorphisms generated by vectors k a (the index a labels the different KV) such that,
this vectors form a subalgebra by themselves. Namely,
so that rT ka , H w s " H kpωq (15) There exist a special type of Killing vectors, the Conformal Killing vectors (CKV), which obey
These vectors do not generate a subalgebra, but rather
and obviously rT c , H ω s " H cpωq (18) It is important to note that neither KV nor CKV are generic structures of spacetime; they only appear in spacetimes with special symmetry.
Weyl gauging
Once it is realized that there is a global (rigid) version of Weyl invariance; there is no question that this global symmetry can be promoted to a local one by the standard construction of Yang-Mills by introducing a gauge field associated to this symmetry which transforms as
There is another interesting construction which involves the following combination of the Ricci tensor and the Ricci scalar called the Schouten tensor
whose trace reads
Under a local Weyl rescaling this tensor transforms as
On the other hand, one can see that the following combination dependent of the Weyl gauge field [11] ,
transforms in a similar way under the corresponding Weyl transformations
Therefore, it is straightforward to see that
is indeed Weyl invariant. The trace of the second tensor reads
This leads to the conclusion that we can then replace the trace of Ω by the Ricci scalar as
Ricci gauging [11] is possible when the gauged lagrangian depends on the gauge field W µ through Ω µν only. Then it is possible to trade all dependence on the gauge field for a corresponding dependence on the Ricci tensor.
There are then several natural lagrangians which are at the same time diffeomorphism as well as Weyl invariant. First of all, in n=4 dimensions
This is a quadratic theory, albeit different from the Weyl squared theory. On the other hand, the trace of the Einstein tensor in two-dimensions just yields the Einstein-Hilbert lagrangian, whose integral is proportional to the Euler characteristic in two-dimensions. A second possible lagrangian (valid in any dimension) reads
This lagrangian is reminiscent of Eddington's theory [22] [23].
Weyl invariant coupling of fields
With this background one can construct the Weyl invariant coupling of the different spin fields to gravity. For the lowest spin field,we can construct a Weyl and diffeomorphism invariant action with the procedure of Weyl gauging as
(where d is the conformal weight of the scalar field), that is
In n-dimensional space-time
When coupled to the lagrangian of the gauge field W µ , L W , this lagrangian describes a theory similar to scalar electromagnetism, only that with real scalar fields. This is the canonical example of Ricci gauging, because upon integration by parts the lagrangian can be written as
We had that
In this case taking d " n´2 2 the lagrangian can be Ricci gauged using Ω "´K so that
This action gives the usual non-minimal Weyl invariant coupling of a scalar field to gravity. Another possibility for spin 0 fields, is the singlet scalar field Cpxq in four dimensions [24] , which does not transform under Weyl, with action
More generally, global Weyl invariance is shared by all actions of the form
The lagrangian for spin 1/2 is Weyl and diffeomorphism invariant by itself when the covariant derivative is defined through the spin connection [11] . It is important to notice, however, that if one tries to include dynamical gravity coupled to fermions in a Weyl invariant way, there is no possibility of doing it with terms linear in the curvature. A non-minimal coupling of the type of the scalar field is not even possible as the conformal weight of the easiest fermion bilinear pψψq d does not match.The only way of having dynamical gravity and fermions in a Weyl invariant setup would be to include quadratic gravity theories that are globally Weyl invariant by themselves. In order to have a local Weyl invariant theory with fermions, the only possibility would be to combine the nonminimal scalar coupling to gravity together with the fermionic kinetic term.
Finally for spin 1, let us denote by F αβ the gauge invariant field strength of the abelian gauge field
This field strength can be added to the matrix inside the determinant in L 2 or else can be included as an independent piece when considering fermions or else, the gauging of the scalar field
3 Conformal invariance of the path integral: Ward identities
Once different Weyl invariant actions have been analyzed, it is important to examine the fate of the scale and Weyl invariance in the quantum theory. At the quantum level, there is a fundamental difference between the global and the local case. In the former, Ward identities are a straightforward generalization of Noether's theorem as applied to the path integral. In a gauge theory, however, the effective action is no longer gauge invariant owing to the need for a gauge fixing. Ward identities are now a consequence of the BRST symmetry of the effective action when ghosts are incorporated, and were first derived by Slavnov and Taylor using more complicated arguments. Independently from the local or global aspect of Weyl invariance, we are interested in studying the fate of this symmetries at the quantum level. In order to illustrate our point, let us start with what happens with scale symmetry in the simplest example in four-dimensional flat spacetime. We take a theory for an scalar field given by
with the equation of motion (eom) given by
There are two symmetries that can be analyzed here. The standard assignment in flat spacetime [25] (hereinafter conformal) leads to the usual scale invariance (invariance under dilatations)
The second (henceforth Weyl) assignment is given by the following transformations where we leave the coordinates inert
In spite of the name, these transformations are still global or rigid. Note that the Weyl weight and the conformal weight get opposite values for the scalar field. Let us note that this is not a real symmetry of the theory as such, as it involves the transformation of the gravitational field, which is taken here just as background field; that is, this variation relates two theories that are defined on different backgrounds. The condition for the theory to be invariant reads
One can also compute the Noether current associated to this scale invariance so that we get
where
It is instructive to check conservation of the current. In fact, on-shell with (41)
We see that the Noether current is conserved at the classical level, but we want to study what happen when quantum corrections are included. In order to analyze this, we can compute the Ward identities corresponding to scale invariance in four-dimensional flat spacetime In terms of the effective action, Γpφq, and the mean field,φ "
If the Ward identity turns out to be broken, we have an anomaly in the conservation of the scale current.
Let us turn to what we denoted as the Weyl assignment. One can see that under such a local Weyl transformation the variation of the action yields
The Noether current, which is covariantly conserved on shell, reads
Indeed, on-shell with (41)
We are still treating gravity as a background field so that the metric does not transform. Therefore, the Ward identities would just depend on the variations with respect to the scalar field
Finally, when gravity is dynamical but we are still considering rigid transformations, any action of the type
is invariant for any value of ξ, when we take the Weyl assignment for the transformations. In this case, the Ward identities do involve the gravitational field. Introducing as usual external sources Jpxq for the scalar field and T αβ pxq for the gravitational field, the Ward identities pick a new term. In this case the effective action has to obeý ż
When the coupling gets the critical value, ξ " ξ c " n´2 8pn´1q the rigid Weyl symmetry is promoted to a gauge symmetry [20] . Then we have the following Ward identity
When there is a violation of this identity,
there is an anomaly in the conservation of the current
There is another way of getting to the appearance of the conformal anomaly, in some sense deeper, and which relates it precisely to the one-loop counterterm of this theories. In the case of the standard scalar laplacian,
the conformal weight coincides with its mass dimension, λ " 2. The result of the path integral to one loop order can be expresed as a determinant, which can be formally defined through the product of its eigenvalues
After a global Weyl transformation, the zeta function transforms as
so that the determinant defined through the ζ-function scales with
As the the one-loop effective action is related to the determinant of the given operator, this translates into a scaling of the effective action. Simbolically,
where we have linearized the conformal factor as
The energy-momentum tensor is defined in such a way that under a general variations of the metric, the variation of the effective action reads
Conformal invariance in the above sense then means that the energy-momentum tensor must be traceless. When quantum corrections are taken into account, it follows that
One can also see that in the heat kernel aproach the evaluation of the zeta function at zero is related to the Schwinger-de Witt coefficients of the short time expansion of the heat kernel Kpτ q " tr e´τ
where d is the specific value of the spacetime dimension. The conformal anomaly is usually then written as
The Schwinger-DeWitt coefficient corresponding to a half of the physical dimension, d "
, precisely coincides with the divergent part of the effective action when computed in dimensional regularization as indicated above. This means that in order to compute the one loop conformal anomaly in many cases it is enough to compute the corresponding counterterm.
When considering the Weyl assignment in the background field gauge we are led to
leading to the corresponding anomalous Ward identity. The anomaly is then directly proportional to the finite part of the one-loop counterterm, as for n " 4,
In the next sections we investigate the effect of dynamical gravitation in the breaking of this Ward identities by computing the one-loop counterterms for different theories.
Scalar field coupled to the Weyl gauge field
As a warm up, we consider the Weyl invariant action of the scalar field where we have introduced the gauge field associated to Weyl invariance. In the spirit of [12] , we are interested in comparing the counterterm when the gauge field is just a background field, and when the gauge field is a dynamical field. In this case, even if the anomaly changes, there is no coupling of it to the gauge field so that the renormalizability of the theory remains unchanged.
The action we consider is the Weyl gauged action of the scalar field
The role of the gauge field associated to Weyl symmetry is to compensate the Weyl transformation of the kinetic term of the scalar field. This is one step before the Ricci gauging discussed in previous sections. In this way, this action provides an alternative Weyl invariant coupling to the usual non minimal Weyl invariant coupling of the scalar field to gravity (35) , at the expense of introducing a new gauge field. In order to see the Weyl anomaly of this theory, we need to compute the one-loop counterter. For that purpose, we use the background field technique combined with the heat kernel approach [26, 27] . In the first case, we expand the scalar field on its background field and a perturbation, leaving gravity and the gauge field as background fields
The linear order of the expansion gives the equation of motion for the scalar field
In order to compute the one-loop counterterm, we need the quadratic piece of the action that reads
Once we have the quadratic operator, the counterterm can be computed using the usual techniques so that the on-shell divergent part of the effective action yields
The details of the computation are given in appendix A.1. This piece is indeed Weyl invariant in n " 4 dimensions. To be specific, under an infinitesimal Weyl transformation we get
With this, we can get the finite contribution to the anomaly
At first sight, it may seem that the result of the anomaly is not proportional to the oneloop counterterm, in contradiction with the derivation of the conformal anomaly in the previous section (69). However, one can see that we can rewrite the anomaly as
This shows that up to total derivatives, the anomaly is precisely proportional to one-loop the counterterm. Given the fact that we are neglecting total derivatives throughout the computation, we assume the proportionality of the anomaly and the one-loop counterterm hereinafter. Next, we compute the counterterm for the action describing the Weyl invariant coupling between the scalar field and the gauge field in a fixed gravitational background but when the gauge field is a dynamical field
with F αβ " ∇ α W β´∇β W α . The pure spin 1 action is analyzed in appendix A.3. Gravity is again taken as a non dynamical backgroundḡ µν , but the dynamics of the gauge field is now taken into account. Expanding the fields as
The equations of motion now read lφ`φ∇ µW µ´W µW
In order to compute the one-loop counterterm we expand the action up to quadratic order in the perturbations
The next step is to introduce a Weyl gauge fixing in order fix the Weyl symmetry and try to get rid of the non-minimal part (terms with two derivatives). Also, we need to redefine the connection to reabsorb the terms with one derivative as shown in appendix A.2. To gauge fix the action, we take the only background Weyl invariant 3 condition given by
so that
In this way, we can cancel the non-minimal part, together with the off-diagonal terms with one derivative. After this procedure, we need to compute the heat kernel coefficient of the operator
with
where we have redefined the connection,∇ "∇ µ δ A C`ω A µC , and the ω A µC is shown in appendix A.2. On the other hand, the ghost action corresponding to the gauge fixing yields
The detailed form of the operators and the computation of the heat kernel coefficient is left to appendix A.2. In the end, in n " 4 and using the equation of motion of the scalar field (82) we get
As mentioned before, the anomaly is nothing but the finite part of the counterterm.
Comparing the result with the case of the non-dynamical gauge field (79), it is clear that the anomaly changes, and even new terms contribute to it when the gauge field runs in the loops.
One loop corrections in background vs dynamical gravity
As we have seen in the previous section, the conformal anomaly is sensitive to the character of the fields involved in the theory. After this warm up, we turn on to the main point of this work, namely studying the fate of the Weyl symmetry at the one-loop order for the different couplings of the fields to gravity, making particular emphasis on the differences between considering it as a background or as a dynamical field. Everything done so far, was carried out in a non-dynamical gravitational background. We are now interested in studying the effect of dynamical gravity in the Weyl anomaly arising in such theories. When gravity is dynamical, even global Weyl invariance imposes severe constraints to correlators. For example, the Green function involving any number of gravitons must vanish, as it does every correlator between fields whose total Weyl charge is nonvanishing. This is exactly the same reason why in ordinary QED all Green functions where the number of ψ fields and the number of ψ fields do not match do vanish as well x0`|g µ 1 ν 1 px 1 q . . . g µnνn px n q| 0´y " 0 (91)
To be specific, if we denote by w i the Weyl charge of the field φ i ; that is,
The condition that a correlator @ 0`ˇˇφ
does not vanish is that i"n ÿ i"1
Note in particular that this prevents a cosmological constant to appear upon quantum corrections, since the volume term ż a |g|d n x
is not Weyl invariant (not even globally). In order to illustrate the effect of the character of the gravitational field in the conformal anomaly, different examples are analyzed. First, we reproduce some of the results of the computations carried out in non-conformal and conformal dilaton gravity [20] [21] , which are the only Weyl invariant theories that can be constructed at a linear order in the curvature. After that, we compute the anomaly of a scalar field in quadratic gravity theories in order to reinforce these ideas in a different setup.
Anomaly in non-conformal and conformal dilaton gravity
The general non-minimal coupling of a scalar field to gravity takes the form
This action is invariant under global Weyl transformations, and moreover, the symmetry is upgraded to local Weyl invariance for the particular value ξ " ξ c " n´2 8pn´1q (97)
Non-Conformal Dilaton Gravity
Let us start with the simplest case of the non-conformal coupling in the presence of a non dynamical gravitational background
The equation of motion for the scalar field reads
In order to obtain the counterterm, we compute the determinant of the quadratic operator
The on-shell counterterm is easily found to be Γḡ nCDG rḡ µν ,φs " 1 pn´4q
correspond to the Weyl squared tensor and the Gauss-Bonnet density, respectively.
For dynamical gravity, this computation has been carrioud out in [20] yielding
This is the first example that proves the dependence on the character of the gravitational field when computing the conformal anomaly. In the non-dynamical case the anomaly reads
When gravity is a dynamical field, however, one gets that the anomaly changes to
Conformal Dilaton Gravity
In the critical case ξ " ξ c , the global symmetry is upgraded to the local Weyl symmetry. In the case of non-dynamical gravity, the counterterm can be easily computed, yielding
Γḡ CDG rḡ µν ,φs " 1 pn´4q
When gravity is dynamical, there are two local symmetries to be analyzed and gauge fixed in the theory. This imposes further difficulties in the computation, leading to the use of BRS techniques. The detailed computation is carried out in [20] where they get the result
Again, the difference in the anomaly is clearly seen in this example.
Anomaly in global Weyl invariant quadratic gravity
In order to reinforce our idea of the modification of the anomaly by dynamical gravitational corrections, we want to take another example of dynamical gravity together with a scalar field. At a linear order in the curvature, the only Weyl invariant possibility is the non minimal coupling φ 2 R mentioned before, due to the fact that in four dimensions the Einstein-Hilbert action is not even invariant under rigid Weyl tranformations. It seems then that the next easiest alternative is to turn to quadratic theories of gravity, as the quadratic invariants are at least invariant under rigid conformal transformations (we have already mentioned that the only quadratic gravitational combination that leads to a local Weyl invariant action is the Weyl squared term). However, in order to ilustrate the dependence on the dynamics of the gravitational field in the breaking of the conformal Ward identities, it is enough to consider global Weyl invariant theories. For convenience in the computation, we take the following quadratic action
Let us note that we are also taking a quartic derivative term for the scalar field 4 . In this case, the scalar field is inert under global Weyl transformations, as opposed to the Weyl assignment of the previous example, and there is no need of introducing the gauge field associated to the gauging of the symmetry.
We first want to compute the conformal anomaly in the presence of a gravitational background field. The equation of motion for the scalar field reads
Up to quadratic order in the expansion of the scalar field, we need to compute the determinant of the operator
Let us stress that when gravity is non-dynamical, the scalar field expansion is unaffected by the pure gravitational part, so that it does not appear any contribution in the quadratic operator. In this simple case we just have to compute the determinant of thel 2 operator. This is tabulated in [26] so that we obtain Γḡ 8 rḡ µν ,φs " 1 pn´4q
Next, we turn to the case where the gravitational field is dynamical, so that the background field expansion reads
The eom for the graviton is computed with the linear order of the expansion and readś 1 2ḡ
We will restrict ourselves to constant curvature backgrounds from now on since it perfectly serves to illustrate the effect of dynamical gravity in the anomaly while making the computations much more tractable. The main reason for this having to do with the fact that after integrating by parts, several terms in the action simplify due to the constancy of the background curvature. With our conventions, for constant curvature spaces we haveR
In order to compute the one-loop counterterm which will give us the conformal anomaly, we need to compute the determinant of the quadratic operator. In this case, up to quadratic order in the fluctuations we have
where the different operators are shown in appendix A.4. The only local symmetry that need to be gauge fixed is diffeomorphism invariance. In order to do so, we choose some gauge fixing condition χ µ and a weight operator G µν [28] (in order to account for the terms with four derivatives), so that
This gauge fixing is enough to obtain a minimal operator. The divergent part of the determinant can be obtained using the heat kernel method. After gauge fixing, the quadratic action takes the form
where we define the generalized field as
The particular form of the final operators as well as the details of the computations is left to appendix A.4.
There is another piece of the computation coming from the ghost action after the gauge fixing of diffeomorphism invariance. In this case the ghost action reads
Once the particular operators are computed, the expansion coefficient giving the infinite part of the one-loop effective action can be found in the literature [26] Γ 8 " 1 pn´4q
where the field strength is defined through
Finally, the on-shell value for the counterterm (in constant curvature spacetimes) is
We can clearly see the difference with the result obtained for non-dynamical gravity (111), which in constant curvature spacetimes reads
In the dynamical case, we have new terms appearing which depend on the scalar field. The equation of motion for the graviton does not help in symplifying those terms.
The Weyl anomaly: Dynamical vs non-dynamical gravity
The main aim of the computation of the conformal anomaly in the different examples that we have studied was precisely to point out the differences that arise due to the background or dynamical character of gravity. In this respect, given the fact that the quadratic example is computed for constant curvature spaces, we restrict the results of all the cases we have studied to this subset of background spacetimes, in order for their comparison to be meaningful. Table 1 summarizes the different lagrangians that we have considererd, together with the corresponding global or local character of the Weyl symmetry. The last column shows the result of the computation of the conformal anomaly in the case of constant curvature backgrounds (CCS), characterized by the curvature λ. It should be understood that the anomaly displayed in the table corresponds to the integrand of the true anomaly.
The key point is that not only the numerical factors change depending on the dynamical or non-dynamical character of the gravitational field, but also the sign of the anomaly. It is remarkable, for instance, that when dynamical gravity is considered in the non-minimal coupling of the scalar field to gravity, the anomaly vanishes for constant curvature spacetimes, whereas it yields a non-zero contribution when it is considered as a non-dynamical background.
Lagrangian
Symmetry Anomaly (for CCS) 
Conclusions
In the present work we have analyzed the Ward identities corresponding to global and local Weyl invariance in some illustrative examples. From this analysis we can draw the remarkable conclusion that the anomalous part of those identities depends explicitly on whether the gravitational field is dynamical (i.e. integrated upon in the path integral) or just a passive background field; that is, the anomaly is sensitive to the character of the gravitational field.
Regarding the examples under study, we have considered quadratic theories of gravity in order to examine the physical consequences of a dynamical gravitational field in some specific models. The main reason for this being the fact that, even if one relaxes the condition of local Weyl invariance to the rigid (global) case, the only linear (in the Riemann tensor) theory is constructed via the non-minimal φ 2 R coupling of the dilaton already analyzed in [20, 21] . However, let us remark that in spite of the unitarity problems that afflict these theories in the second order formalism, it is reasonable to expect that the general form of the Ward identities is not affected by them.
A quite significant implication of our analysis is that it suggests the possibility that by experimentally observing consequences of the anomaly, evidence could be gathered on the dynamical character of the gravitational field. We are only aware of two cases where the difference in the conformal anomaly triggered by the dynamical character of gravity could play a role. First, these results could affect trace anomaly driven, Starobinsky type of inflationary models [29] , as they are precisely based on the non-minimal coupling of a scalar field to gravity. Moreover, it is well know that chiral anomalies contain gravitational corrections giving rise to mixed axial-gravitational anomalies [30] . These haven been experimentally observed in transport effects involving Weyl semimetals [31] , where the low energy quasiparticles behave as fermions. Recent work regarding similar tranport effects due to conformal anomalies [32, 33] points towards the possibility of experimental access to the trace anomaly, which is also expected to be modified by dynamical gravity effects. However, work is still ongoing regarding this type of computations for fermions.
Finally, we cannot conclude anything qualitatively new concerning the search of a consistent local Weyl invariant theory. Our analysis only supports the idea that if there were to exist such a quantum field theory, it would be a wondrous thing indeed. This being ultimately related with the difficulty of fullifilling the contraints from diffeomorphism invariance and those from local Weyl invariance [4] . In fact, if such a theory existed, it must be a finite one, with vanishing cosmological constant. All we know is that there is a family of theories, the self-mirror ones in the Duff-Ferrara sense [34] for which the total Weyl anomaly cancels to one loop 5 . Moreover, given the absence of a non-renormalization theorem of the Adler-Bardeen type for the Weyl anomaly [35] , it is not yet known whether or not this property can be mantained to higher loops. It is clear that there is a lot of work ahead.
A Some details of the computations A.1 Scalar field in a gauge field background
The quadratic operator reads ∆ "´Cl´Y
then the traces are simply
so that the heat kernel coefficient yields
In this case, tr a 2 px, xq " 1 p4πq 2   1  360 tr
A.2 Scalar field with a dynamical gauge field
The quadratic operator that we get when expanding the action reads
We use that
After the gauge fixing the quadratic operator reads
Next, we define the generalized field Ψ A so that we can write
We can avoid the terms with one derivative contained in the operator N µ redefining the quadratic operator as 
140)
In order to get the field strength we to remember that our connection has been modified so that 
where the ghost contribution carries a different sign due to the fermionic character of the fields, and a factor of two because of the imaginary character of them. Finally, the on-shell divergent piece of the effective action reads
The variation under a local Weyl trasnformation takes the form
so that it is Weyl invariant in n " 4 as expected.
A.3 Gauge field counterterm
Let us consider the term coming purely from the gauge field dynamics. The action for the (abelian) Weyl gauge fields reads
with F αβ " ∇ α W β´∇β W α , and we assumne that the gravitational field is still a passive background. The eom now read
The quadratic piece of the action in the standard background field expansion reads
Let us first choose the gauge fixing
where we have used the commutator of two covariant derivatives, (9) . In this way, we can cancel the non-minimal part. After gauge fixing we have
The heat kernel coefficient is given by tr a 2 px, xq " 1 p4πq 2 1 360
The ghost action corresponding to this gauge fixing reads
The corresponding heat kernel coefficient is tr a gh 2 px, xq "
157)
The total contribution is then tra 2 px, xq´2tra
Four-dimensional Weyl invariance is again manifest
Next let us choose a different gauge fixing namely,
where the commutator of two covariant derivatives, (9) has been used. In this way, we can cancel the non-minimal part, and also the off-diagonal terms with one derivative. After gauge fixing we have
note that N µνα is antisymmetric. We can avoid the terms with one derivative contained in the operator N µ redefining the quadratic operator as
For that to hold, the new operators are defined as
So after this procedure, we need to compute the heat kernel of the operator
α¨ρ In order to get the field strength we need to remember that our connection has been modified so that
i.e. W 
The field strength for our connection has been modified so that 
which, using the Bianchi identity and the commutator defined in (9), can be rewritten as tr a 2´2 tr a 
It can be easily seen that the first three terms are Weyl invariant and the rest vanish in n " 4 so that the counterterm is Weyl invariant in four dimensions as expected. Note that we do not make use of the equations of motion in order to proof that the counterterm is Weyl invariant, it is then invariant off-shell. Let us discuss an interesting fact. If we take the one parameter family of gauges
The usual gauge used also in QED corresponds to α " 0 and the Weyl invariant one to α " 1. This is the most general gauge condition with less than two derivatives that makes the operator minimal. The heat kernel coefficient reads tr a 2´2 tr a 
so that our conclusions still hold; the counterterm is Weyl invariant for n " 4 (even offshell) for the whole family of gauges. In fact, the heat kernel coefficient only makes sense in n " 4 so that for all this family of gauge fixings the counterterm just reads
Just as a side note, the BRS symmetry is given by
Introducing sources
The (abelian) Slavnov-Taylor identity is easily obtained by performing a BRS transformation of the path integral; it reads in this case
where Γ rW µ , b, cs is the effective action involving ghostly backgrounds as well as gauge ones.
A.4 Scalar field with dynamical quadratic gravity
We are analyzing the global Weyl invariant action
After the background field expansion, the quadratic piece of the action takes the form 
In order to gauge fix the diffeomorphism invariance, we take
In constant curvature spacetimes we have 
It is clear that this counterterm is globally Weyl invariant. The anomaly is nothing but the finite part of the counterterm.
